Expected change of mutant frequency. In order to derive the probability of fixa on of a mutant, we first evaluate the expected change of mutant frequency over one genera on. The frequency of the mutant in a male indexed i ∈ {1, . . . , N m } is wri en as p mi ∈ {0, 1/2, 1}, and the frequency in a female j ∈ {1, . . . , N f } is wri en p fj ∈ {0, 1/2, 1}. The indicator variables ♂i and ♀i respec vely take the value one if the paternally and maternally inherited alleles of individual i are mutant, and zero otherwise. Then, the mutant frequencies in male i and in female j are
We write p m,t = ∑ Nm i=1 p mi,t /N m and p f,t = ∑ N f j=1 p fj,t /N f for the average mutant frequencies in males and females in the popula on and denote by q t the vector collec ng the realiza on of mutant frequencies (the realized values of ♂i and ♀i ) in the popula on at me t.
If the mutant changes male and female phenotypes by δ m and δ f and a parent transmits its maternally or paternally inherited gene with equal probability, the expected average male and female mutant frequencies in the next genera on is ∑ Nf j=1 (z fj − z f ), but by definion, ∑ Nf j=1 (z fj − z f ) = 0. A similar argument shows that
is, as a func on of its phenotype, z mi , the average male phenotype excluding the focal, z −mi , and the average phenotype of females in the popula on. However, for computa onal purposes it may be more convenient to express w f mi in terms of z mi and the average male phenotype z m . This can be done since
, so from now on we write the fitness of individual i as w
mind that with this nota on ∂w
Using the chain rule, the deriva ves of fitness with respect to δ v is ∂w
. By observing that the average male phenotype is insensive to changes in female mutant effects (dz m / dδ f = 0), and that the average female phenotype is insensi ve to changes in male mutant effects (dz f / dδ m = 0), the deriva ves of fitness collapse to ∂w
This may be further simplified by no ng that since the number of adults of either sex held constant at each genera on, any fitness gain made by a focal individual due to a change of phenotype must be compensated by a decrease in fitness by the rest of the popula on (Rousset 2004, p. 96 
Eq. (SI.5) is used to subs tute for the deriva ves of fitness in eq. (SI.3). To see how, consider the subs tu on for
where all males are the same, the rate of change of fitness of a male i with respect to its phenotype is the same for all males ∂w m mi (0)/∂z mi = ∂w m mk (0)/∂z mk . Thus, the index i denotes a representa ve male (or a focal male), rather than a specific one. Then, ∂w m mi (0)/∂z mi may be taken out of the sum in eq. (SI.6) and the index dropped for the func on w m mi is dropped, giving
where the overbar with index mi denotes averaging over all males
Using a similar argument for all deriva ves of fitness in eq. (SI.3), we obtain
where
and the overbar with index fj denotes averaging over all females x fj = ∑ Nf j=1 x j /N f . We have added the subscript t in eq. (SI.9) to make the me dependence of D m,t and D f,t explicit, since they depend on the popula on genotypic realiza on at genera on t, q t .
The expecta on of mutant frequencies in males and females from genera on t to genera on t + 1 are found by marginalizing eq. (SI.8) over q t
where Pr(q t ) is the distribu on of allele frequencies at me t. By inspec on of eq. (SI.8), we see that only p m,t , p f,t , D m,t and D f,t depend on q t and thus have to be marginalized over q t . Doing so will define the moments of the distribu on Pr(q t ) required to calculate the expected allele frequency change over one genera on. Since p m,t , p f,t , D m,t and D f,t are all evaluated in the absence of phenotypic differences ((δ m , δ f ) = 0), they are marginalized for a neutral process, and the expecta on operator is wri en E 
We then obtain the deriva ves with respect to δ of these averages and the phenotype of male i, which are needed for the popula on sta s cs, as
Using eq. (SI.1) together with eq. (SI.11), we have
where we have used that at neutrality, all males are expected to have the same genotypic composi on. More succinctly, we write
(SI.14)
is the probability that both the paternal and maternal alleles of an individual are mutants.
In the absence of phenotypic differences, this probability is equal for all individuals E
for all i and k and irrespec ve of the sexes of the individuals. To see this, consider the recurrence for η over one genera on:
. If individual i of genera on t + 1 has father indexed a and mother indexed c at genera on t,
since the paternally inherited mutant of i is equally likely to be the paternally or the maternally inherited mutant of its father a, and the maternally inherited mutant of i is equally likely to be the paternally or the maternally inherited mutant of its mother c. This argument holds whatever the sex of i, so η = E
• [ ♂i ♀i ] does not depend on the sex of individual i. A similar argument shows that η is also equal to the probability that a paternally inherited allele and a maternally inherited allele of two different, randomly sampled individuals are mutants, i.e. η =
Using eq. (SI.11) and rearranging to collect the terms that involve the same male i, and those that involve two different males i and k, we have E
(SI.16)
Expanding the above in terms of indicator variables for paternally and maternally inherited alleles, we have
, and we write E
is the probability that two randomly sampled males i ̸ = k both inherited the mutant allele from their fathers, and κ
is the probability that they inherited the mutant allele from their moth-
the probability that randomly sampled male i has inherited the mutant from its father and that another randomly sampled male k is homozygous for the mutant, and ρ
is the probability that randomly sampled male i has inherited the mutant from its mother and that another randomly sampled male k is homozygous for the mutant. A er using the similar argument for E
where for two randomly sampled females
Subs tu ng eqs. (SI.14) and (SI.17) into eq. (SI.8), we find that the uncondi onal expected allele frequencies in the males and females of the next genera on are given by
where 19) for u ∈ {m, f}. The la er can be interpreted as the neutral expecta on of the covariance between genotype and phenotype at genera on t in an individual of sex u. Indeed, from eqs. (SI.6) and (SI.10), we have that K u is also equal to SI.20) and since z ui = z u + δ u (2hp ui + (1 − 2h) ♂i ♀i ), this may be wri en as Closing the recursion. Eq. (SI.18) gives the change of p m and p f over one genera on, which depends on higher moments of the distribu on of the mutant in the popula on (
, and ρ ♀ u,t ). These la er also change from one genera on to the next, and in order to evaluate the change of p m,t and p f,t over more than one genera on, we need to characterize these recursions. Since they are evaluated at (δ m , δ f ) = 0 in eq. (SI.18), it is sufficient to evaluate the recursions for
, and ρ ♀ u,t at neutrality, where they are only affected by gene c dri . We give these recursions below using standard popula on gene c methods (Karlin 1968, for example).
The probability that a gene sampled in an individual is mutant does not depend on the sex of the individual as it comes with equal probability from its father or its mother
The probability that the paternally and the maternally inherited allele of individual i at me t + 1 are both mutant, η t+1 , is given in terms of neutral moments of gene frequency at genera on t in eq. (SI.15) which, if expanded,
where for a male i and a female j, κ ♂ c = E
• [ ♂i ♂j ], and κ
The probability that two paternally inherited alleles randomly sampled in two different males are both mutants at genera on t+1, κ ♂ m,t+1 , depends on whether the two males have the same father, which occurs with a probability denoted Θ ♂ m or not (which occurs with probability 1 − Θ ♂ m ). These probabili es are referred to as probabili es of sibships. If the two males have the same father, which we index a, then their paternal alleles can be either both copies of the paternal gene of a (with probability 1/4), both copies of the maternal gene of a (with probability 1/4), or one is a paternal copy and one is a maternal copy (with probability 1/2). So, if two males have the same father, their two paternally sampled genes are mutants with probability (1/4)E
If they have different fathers, indexed a and b, then the paternal copy of the first male may be the paternal or maternal copy of a (each with probability 1/2), and the paternal copy of the second male may be the paternal or maternal copy of b (also each with probability 1/2). In this case, the paternal alleles of the two individuals are both mutants with probability (1/4)E
• [( ♂a + ♀a )( ♂b + ♀b )] t . Combining these two cases, the probability that two randomly sampled paternal alleles of different males at genera on t + 1 are mutants is κ 
we find more generally that the probabili es that the paternal alleles of two males (x = m), or of two females (x = f), or of a male and female (x = c) are mutants at genera on t + 1 are given by
where Θ ♂ f is the probability that two females have the same father and, Θ ♂ c is the probability that a male and a female have the same father.
Using a similar argument, we find that the probabili es that the maternal alleles of two males (x = m), or of two females (x = f), or of a male and female (x = c) are mutants at genera on t + 1 are given by
where Θ ♀ x is the probability that two individuals, whose sexes are given by x, have the same mother.
The probability ρ ♂ m,t+1 = E
• [ ♂i ♂k ♀k ] t+1 that two (different) paternally inherited alleles and one maternally inherited allele at genera on t + 1 are mutants depends on whether the males from which the paternal alleles are sampled (males i and k here) have the same father (indexed a) or different fathers (a and b). Using a similar argument as in the preceding sec on, and indexing by c the mother of the male who holds the maternal allele, we have ρ
Then, expanding and le ng expecta on run through, we have:
• [ ♀a ♀b ♀c ] t are the probabili es that the paternal and maternal alleles, respec vely, of two randomly sampled (without replacement) males a and b and a female c at genera on t are all mutants. We find in general that for x ∈ {m, f, c}
Similarly, the probability that two (different) maternally inherited alleles and one paternally inherited allele from two individuals are mutants at genera on t + 1, ρ
depends on whether individuals i
and j from which maternal genes are sampled have the same mother (indexed c) or different mothers (c and d),
where a is the father of the individual whose paternal gene is sampled. Then for x ∈ {m, f, c} The probability that three alleles sampled from different individuals are mutants depends on the probabili es of sibship of three individuals. In order to consider the itera on of the probability ς ♂ x , i.e. that three randomly chosen paternally inherited genes are mutants, we need to separate the cases where all three individuals are males (subscript x = 3m), all three are females (x = 3f), two are males and one is female (x = 2m), or two are females and one is male (x = 2f). The probabili es that three paternal alleles are mutants then depend on whether all three individuals have the same father, which occurs with a probability we write as Ξ3 ♂ x , whether only two have a same father (with probability Ξ2 ♂ x ), or if none of the three have the same father (with probability 
/8, which, expanding and le ng expecta on run through, results in
(SI.28)
Similarly, the probability that three randomly chosen maternally inherited genes ς ♀ x are mutants can be expressed in terms of the probabili es that the individuals have the same mother,
where Ξ3 ♀ x is the probability that the three holders (whose sexes are given by x ∈ {3m, 3f, 2m, 2f}) have the same mother, and Ξ2 ♀ x is the probability that out of the three individuals, two have the same mother. The moments ς ♂ x,t+1 and ς ♀ x,t+1 (x ∈ {3m, 3f}) also sa sfy the recurrences given by eqs. (SI.28)(SI.29), and complete the necessary moments to iterate eq. (SI.18).
Probability of fixa on of an autosomal mutant.
We proceed to calculate the probability of fixa on of the mutant by itera ng its expected change over many genera ons. Eqs. ( A f describes the first order perturba on of average frequency change due to mutant effect in males and females respec vely. Eq. (SI.30) fully characterizes the expected frequency change of a mutant in a sexually dimorphic popula on at any genera on i.e., the model is dynamically sufficient.
Explicit expression for these large matrices are omi ed from this paper, but they can be found straigh or- A f . Their entries will of course depend on the order chosen for the entries of p t . We will assume here that the first 15 entries of p t are
We derive the expression for the fixa on probability π of the mutant by es ma ng the asympto c sum of expected allele-frequency change of the allele in males and females (Leturque and Rousset 2002; Rousset 2004; Lessard and Ladret 2007; Lehmann and Rousset 2009) . The fixa on probability of the mutant π m in males, and π f in females is the asympto c average frequency of the mutant in each sex
Because the mutant allele eventually is either eliminated or fixated in the popula on, the fixa on probability in males and females is the same π m = π f = π. The fixa on probabili es in males and females could be obtained from the asympto c vector lim t→∞ A t p 0 , but this is difficult as it requires the calcula on of A's eigenvectors. We rely on an alterna ve scheme to obtain π. To that aim, it is convenient to express the fixa on probability of the mutant as the average
where the weight α is chosen such that the expected frequency change of a neutral mutant in any genera on t is
In this case, α = 1/2 for a diploid, autosomal gene c system. Together, eqs. (SI.31) & (SI.32) imply that π is the average sum of gene frequency change in males and females, from the appearance to the eventual fixa on or loss of the mutant
The probability of fixa on of a mutant with ini al frequencies p m,0 in males and p f,0 females is approximated to the first order of δ :
. We begin by considering the first order effects of male phenotype on π. Using eq. (SI.33), it is
. . and α = (α, 1−α, 0, . . . , 0) is such that when dot mulplied with p t , it collects and sums p m,t and p f,t weighted by the reproduc ve values. Then, using eqs. (SI.30), we
A m p t . So the male perturba on of the probability of fixa on may be wri en as
The sum ∑ ∞ t=0 p t | δm=δf=0 , which we write as
This means .
A cannot be factored out of the sum in eq. (SI.34). To circumvent this problem, we construct an itera on around a centred variable using the zero row-sum property of matrix .
A m (Lehmann and Rousset 2009).
To that aim, we define a vector q
• t with all vector elements being equal to αp f,t + (1 − α)p m,t , which acts as a reference variable, and Q • = (q ij ) with all elements of column 1 being equal to α, all elements of column 2 being equal to 1 − α, and zero otherwise sa sfies all three condi ons. In effect, this choice of the vector q
• t centers the itera on around the mutant frequency averaged across the sexes according to their reproduc ve class (this average is the reference variable), while Q
• provides the itera on of the reference variable.
Using proper es (i)-(iii) in the preceding paragraph, we can now factorize
. With all eigenvalues of (A • − Q • ) being less than 1 in absolute value (Lehmann and Rousset 2009, p. 47) , the sum d
, where I is the iden ty matrix, so we have
All the arguments used to derive eq. (SI.35) can be used for ∂π(0)/∂δ f , and we find ∂π (0)
Hence, the fixa on probability to the first order in selec on intensity is
The entries of d • can be interpreted in terms of mean coalescence mes in the resident popula on. To see this, we first note that if the expected ini al frequency of the mutant is the same in males and females, then p m,0 = p f,0 = p 0 , which is equivalent to assuming that muta on rate is the same in males and females.
Then, if the mutant arose as a single copy, p 0 = 1/(2N ), where N = N m + N f , and we have lineages, which are given by the entries of p t , e.g., for i = 3, if the third entry of p t corresponds to η t , the probability that an individual's paternal and maternal alleles are both mutant, so d
• K m and K f (eq. SI.38) also depend on these fourteen probabili es. As we show below, we can significantly reduce the number of necessary probabili es of sibships by approxima ng the probabili es of sibship of three individuals The probability that three randomly sampled adult males have the same father is Ξ3
In the absence of phenotypic differences, each male has the same distribu on of reproduc ve output and 
Rather than calcula ng Ξ2 ♂ 3m the probability that out of three males only two have the same father directly, it is easier to consider the probability that out of three males, none have the same father. These two probabili es are
. The probability that out of three males, none have the same father is given by the expected value of the ra o of the number of ways three individuals may be sampled from the male offspring of three different adult males to the number of ways of sampling three males out of the en re male popula on 1 − Ξ2 ♂ 3m = [ 
The covariance term C
may be expressed in terms of Θ ♂ m . The probability that two males do not have the same father is, by defini on, 1 − Θ ♂ m , but it is also given by E
Hence subs tu ng back into the probability that out of three males none have the same father, and solving for Ξ2 ♂ 3m , we obtain that the probability that out of three males only two have the same father is
The remaining probabili es can be derived by using the same argument, and that E
(SI.41)
By symmetry, we find that the probabili es of sibship of three maternal genes are given to the order O(1/N )
(SI.42)
So assuming the popula on is large, the itera on of eq. (SI.18) over many genera ons depends only on the six probabili es of sibships over two individuals, Θ ♂ x and Θ ♀ x (x ∈ {m, c, f}). • now only depends on these la er six probabili es of sibships, and therefore, so do K m and K f (eq. SI.38).
Solving for
Despite this simplifica on, solving explicitly for K m and K f s ll requires inver ng a 23x23 matrix,
which is computa onally expensive and unlikely to yield results easy to interpret. Numerical results for K m and K f with arbitrary dominance are shown in fig. 4 .D of the main text. However, if h = 1/2, only the first nine entries of p t are required to generate the expected frequency change over many genera ons, and hence the probability of fixa on. Thus, A • reduces to a 9 × 9 matrix. In this case, (I − A • + Q • ) −1 can be inverted analy cally, and using (SI.38) with h = 1/2, K m and K f are as eq. (A.2) in the main text.
Probabili es of sibship of two individuals. The probability of fixa on of a mutant depends on the probabili es of sibship of two individuals in the resident popula on. Here, the probabili es of sibship are expressed in terms of the first (µ's) and second (ν and ρ) moments of the distribu on of offspring produced by a resident male and a resident female to give table 1 of the main text.
The probability that two randomly sampled adult males have the same father, Θ ♂ m , is given by the expected value of the ra o of the number of ways two individuals may be sampled from the number of adult males produced by each male, to the number of ways of sampling two males out of the en re male popula on, i.e.,
], where W m mi is the random variable for the number of male breeders produced by male i. In the absence of phenotypic differences in the popula on, each male has the same distribu on for their reproduc ve output, so the sum may be taken out in Θ ♂ m , and the subscript i now denotes a randomly sam- 
